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The equation of the laminar boundary layer is used to analyze the 
mixing of two plane oncoming (or parallel) streams of inhomogeneous 
compressible gases. 

The  p r o b l e m  of the mix ing  of two homogeneous  p a r -  
a l l e l  o r  oncoming s t r e a m s  of a c o m p r e s s i b l e  gas  o r  of 
a v i scous  i n c o m p r e s s i b l e  l iquid,  under  condi t ions  of 
l a m i n a r  and turbulent  flow, have been inves t iga ted  in 
suff ic ient  de ta i l  [1-3] .  However ,  in p r a c t i c e  we have 
to dea l  in the main  with mixing  p r o c e s s e s  of oncoming 
o r  p a r a l l e l  inhomogeneous s t r e a m s ,  as  wel l  a s  with 
two-phase  s y s t e m s .  Turbu len t  mixing  of coaxia l  
s t r e a m s  of the s a m e  t e m p e r a t u r e  was cons ide red  in 
[4, 5]. Mixing p r o c e s s e s  in p a r a l l e l  and oncoming 
s t r e a m s  of inhomogeneous c o m p r e s s i b l e  gases  a r e  of 
cons ide r ab l e  p r a c t i c a l  impor t ance  in va r ious  techno-  
logica l  in s t a l l a t ions  ( furnaces ,  p l a s m a - c h e m i c a l  r e -  
a c t o r s ,  etc.  ). 

Below we p r e s e n t  the  r e s u l t s  of a t heo re t i c a l  i n -  
ves t iga t ion  of t r a n s p o r t  p r o c e s s e s  in the mixing  of two 
plane oncoming s t r e a m s  of inhomogeneous c o m p r e s s i b l e  
g a s e s .  We a s s u m e  the mixing  to be a r e s u l t  of m o l e c u l a r  
diffusion in the boundary  l a y e r  (the mixing  zone) at  the 
i n t e r f ace  of the s t r e a m s ,  and that  the gases  be ing  
mixed do not chemica l ly  in t e rac t .  Al l  a s sumpt ions  f rom 
b o u n d a r y - l a y e r  theory  a r e  app l icab le ,  and, f u r t h e r -  
more ,  P r  ~ l = c o n s t ,  Sc ~ l = c o n s t ,  and P r  ~ S c .  

If t he rma l  diffusion is neglec ted ,  the s y s t e m  of d i f -  
f e r e n t i a l  equat ions for  the p lane  s t a t i ona ry  mot ion  of 
inhomogeneous  c o m p r e s s i b l e  g a s e s  in the l a m i n a r  
boundary  l a y e r  (the mixing  zone) of two plane s t r e a m s ,  
a f t e r  t r a n s f o r m a t i o n  into a d i m e n s i o n l e s s  fo rm  n o r -  
ma l i zed  with r e s p e c t  to p a r a m e t e r s  of the unpe r tu rbed  
flow in the reg ion  y > 0, wi l l  be of the fo rm 

a (p u______~) + ,  a(p v) = o, (1) 
Ox Oy 

p u ~x  + p v Oy Oy Ix ' (2) 

pu ~X-X + pv + oy oy ~r  
o [ ( , )  o 

+ ( k - - l )  M~ ~ l - - ~ r  ~ ~-y , , (3) 

ac, ac, a ( ~, ac, ) (4) 
p u ~ + p v Oy Oy Sc Oy ' 

ph = l; ~ = h n (5) 

with boundary condit ions in the reg ion  x > 0 (mixing of 
s t r e a m s  begins  at  x = O) 

u =  I; h =  I; C i =  1 for  y =  + co / (6) 
u = m,,; h = hm; Ct = mc for  y = - - ~ / '  

w h e r e  

m , =  u__~. h , , =  /h ; C~ 
C1 

In the ca se  of p a r a l l e l  s t r e a m s  ve loc i ty  u2 i s  pos i t ive ,  
whi le  fo r  oncoming s t r e a m s  it  i s  negat ive ;  ul i s  a lways  
g r e a t e r  than 0 (m u = 0 r e l a t e s  to the p r o b l e m  of the 
s t r e a m  boundary) .  

F o r  the t ime  being,  l e t  us a s s u m e  a l i nea r  depen-  
dence  of the  v i s c o s i t y  coeff ic ient  on enthalpy;  we have 
n = 1, and ~ = h (we must ,  however ,  b e a r  in mind that 
th is  is  va l id  in the r eg ion  of c o m p a r a t i v e l y  low t e m -  
p e r a t u r e s ) ;  we use  the Dorodni t syn  v a r i a b l e s  ~ = x; 

Y 
= j*. pdy for  the t r a n s f o r m a t i o n  of Eqs.  (1)- (4) .  Let  

0 
us fu r the r  a s s u m e  that  for  P r  = const  and Sc = const  
the longi tudinal  ve loc i ty  component ,  the enthalpy,  and 
the concen t ra t ion  a r e  funct ions of only one v a r i a b l e  

u ( t ,  ~)  = ,p' (~); 

h(~, 'q)=h(~); C,(~, TI)---C,(~); ~=Vl/2 V~; 

thus we f ina l ly  obtain the s y s t e m  of independent  o r d i -  
na ry  d i f fe ren t i a l  equat ions 

V" + 2~"  = O, (7) 

1 (k - -  1) M~ (Pr- -  1) (r = O, (8) h" + 2Pr~h'  + -~ 

c'; + 2ScC;,~ = 0 (9) 

with boundary  condi t ions 

q~'=l;  h = l ;  C ~ = I  for  ~ = §  / (10) 
~ ' = m , ;  h = h , , ;  C~=tn,  fo r  ~ = - - o o  l "  

Equation (7) with i ts  r e l a t e d  boundary  condit ions is  
analogous to the equation of the dynamic  p r o b l e m  in-  
volved in the mixing of homogeneous  c o m p r e s s i b l e  gas  
s t r e a m s  and i t s  boundary  condi t ions - -whose  solut ion 
is  given in [2J--and the r e s u l t s  a r e  va l id  in this  c a se  
as  wel l .  

The solut ion of the energy  equation (8) wil l  be ob-  
ta ined by the method of p a r a m e t e r  va r i a t ion .  

Using the subs t i tu t ion  f rom Eq. (7) 

(p.t 
q~-- 

2r ' 

2q~ d~l = - -  ~ d~l = - -  In r (~) (11) 
cp ,p"(o) ' 

--*o --m 

taking the value  of the function ~o"(~) f rom [3], and in -  
t roduc ing  the notat ion 
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Fig. 1. Prof i les  of total enthalpy in the mixing zone of 
two inhomogeneous s t r e a m s  at P r  = 1: 1) h m = 0; 

2) 0.3; 3) 0.5. 
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J 
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I 

R(- -  oo, ~)= 

= .[ W'(~;)}~ j' W" g)}' [ r  (~)I -~' d ~ d ~, (12) 

R(- -  oo, D= 

(~3) 

we finally obtain the genera l  solution of Eq. (13) in the  
f o r m  

h = h ~ +  I (1 ~ hm) (1 + err ~ ] / ~ - ~ -  

X R(--oo, ~)--R(--~, ~)]. (14) 
J 

l~elationship (14) is considerably  simplified for  P r  = 2. 
We then have 

1 (l--hn,)(l+erf~).  ~=~+-~ (15) 

When P r  ~ 1 = const  it is n e c e s s a r y  to in tegrate  func-  
t ions R(-o% oo) and R ( - ~ ,  ~). Using the value of the 
function r  we in tegra te  the integrand of the second 

integral  in (12) and (13). As a r esu l t  we obtain 

~ [(p,,, (~)12 [~,(~)l-Pr d ~ = 

4 (l--~m.) ~ y ~2 exp [-- (2 - -  Pr) ~1 d ~ = 

(I-- m.) ~ 
(2--Pr)~ { (2--]/~'/e - -2~exp[- - (2- -Pr)~  2 ] -  

V-~ err [(2-- Pr) '/2 ~1}. 
(2-- Pr)'/~ 

Then, in accordance with [6], 

(I-- m.)' [~ + (2-- Pr)-~/2l, 
] / ~  (2 - -  Pr) a/2 

R(--~, ~) (1-- m")' = x (2-- Pr) 

{ 1/~ ; expI--~'Prld~-- 
x (2-- Pr) '12 

--no 

- - 2  ~ exp [--2~1 d ~ (2-- Pr) 1/2 X 

---~ "~--z ~'~ s ~ A 
V 
12O'" 

a2 
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Fig. 2. Profiles of concentration C i in the mixing zone 
of two inhomogeneous streams as functions of the gen- 
eralized parameter C =~/2~ : 1) Sc =0.5; 2) 1.0; 
3) 2.0 (for m e =0); 4) So =0.5; 5) 2.0; 6)2.0)for m c = 

=o.5). 

(16) 

(27) 
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erf[(2--Pr) 1/2, ~]exp[--~Prld~.  (18) X 

t ]  

Let us  now cons ider  the diffusion problem.  F r o m  
the solution of Eq. (9) with boundary conditions (10) 
and subst i tut ion (11) taken into account, after  double 
in tegrat ion we obtain a solution in the fo rm 

:c 

= + 

-~ -S  (qY)SCd~][ /(r~")SCd~] - '  (19) 
--~o --Qo 

or,  subst i tu t ing the express ion  for the function ~o"([), 
after  t r ans format ion ,  we obtain 

1 Ci(~) : ~ [(m~-4-1)--(m~--l)erf~v"~]. (20) 

Fo r  Sc = 1 

1 [(tno -I- I) --(rn~--l)  erf~]. (21) c,(~) = T 

The nature  of the gas motion in the mixing zone is 
analyzed in detail  in [1-3].  

We now consider  the enthalpy and concentra t ion  
d is t r ibut ion  in the mixing region of two oncoming (or 
paral le l )  s t r e a m s  of inhomogeneous compress ib le  gases 
on the bas i s  of obtained r e su l t s  (14) ,  (15), (20), and 
(21). The re su l t s  of calculat ing the dependence of the 
prof i le  of the total enthalpy h on the genera l ized  p a r a m -  
eter  [ = 77/2~/~ for var ious  values  of h m and Pr  = 1 is  
shown in F i g .  1. The effective width of the mixing zone 
obviously inc reases  with an inc reas ing  p a r a m e t e r  h m. 
The dependence of concentra t ion  in the mixing region 
on this pa rame te r  for var ious  values  of Sc and m c is 
shown in Fig. 2. The na ture  of this dependence indi -  
cates that the effective thickness  of the diffusion bound- 
a ry  layer  i nc rea se s  with dec reas ing  number  Sc, and 
vice versa .  The effect of pa r ame te r  m c on the v a r i a -  
tion of the effective width of the mixing zone is,  how- 
ever ,  more  pronounced,  pa r t i cu la r ly  in the region  ~ < 0. 

The final  solution of this p rob lem and the feas ibi l i ty  
of prac t ica l  calculat ions  of enthalpy and concentra t ion  
d is t r ibut ion  in the mixing zone of two oncoming s t r e a m s ,  

as well as the de te rmina t ion  of the effect of the s t r e a m  
p a r a m e t e r s  on the na ture  of the dis t r ibut ion,  n e c e s s i -  
tate the t r ans i t ion  f rom the ~, ~ coordinates  to the 
physical  plane coordinates  x, y. As is  usual  in heat 
problems,  this is ca r r i ed  out with the fo rmulas  

g g 

P~ -~- dy. (22) 
0 0 

It follows f rom (22) that the general ized p a r a m e t e r  
= V/2~/'~ is re la ted  to coordinates  x, y by the formula  

g 

, h, 

0 

(23) 

The specific form of (23) depends on the enthalpy d i s -  
t r ibut ion.  Different iat ing with r e spec t  to y, we obtain 

d_~ = ! ~/  ~,~, h, (24) 
dg 2 V ~t z x h (~) ' 

f rom which the re la t ionship  between [ and y /x  ~/2 is  de-  
t e rmined  by the following in tegra l  equation 

C 

g 1 P,z ~" h(~)d~. (25) 
) 

0 

Since the m a s s  concentra t ion of the i - th  component 
is C i = Pi/P, the t r ans fo rmat ion  formula  for 77 in the 
case of the diffusion problem will be 

g 

n = ~ dg. (26) 

0 

After t r ans fo rma t ions  s i m i l a r  to (23) and (24), we ob- 
tain 

g V I~---L i C~(~)d~. (27) 
2 V ~  - ulpl . 

0 

Certa in  r e su l t s  of calcula t ions  of the dependence of 
enthalpy h on the d imens ion l  es s coordinate  y(u 1PJ# ix) 1/2 
for  Pr(Sc) = 1, and var ious  hm(mc) a re  presenCed in 
Fig.  3. As in the case of dependence h = f ( [ )  (see Fig.  
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Fig. 3. The dependence of h(C1) on the d imens ion les s  
1/2 Sc 1 1 h m ) 0 coordinate  y(ulpl/tLlx) f o r P r (  ) = : ) m( c = ; 

2) 0.3; 3) 0.5; 4) 1.0. 
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Fig.  4. The dependence of C i on the d imens ion l e s s  co- 
ordinate  y(ulpl/~lx) 1/2 for m e = 0.5: 1) Sc = 0.5; 2) 1.0; 

3) 2.0. 

1), the width of the mixing zone not iceably dec reases  
with dec reas ing  h m, which may be explained by 
the convergence  of enthalpies  hi  and h 2 of the s t r e a m s  
as h m - -  0. In this case  the equal izat ion of the enthal-  
pies,  under  otherwise  equal conditions,  occurs  much 
fas ter ,  and the mixing zone is~smal ler .  The effect of Sc 
on function C i =f(y(ulpl/~ix)  i/z) is  shown in Fig. 4 for 
the p a r a m e t e r  mc = 0.5. Clear ly ,  the var ia t ion  of Sc 
within the l imi t s  of 0 .5-2 .0  r e su l t s  in l e s s e r  var ia t ion  
of the mixing zone d imens ions  than the var ia t ion  of mc 
f rom 0 to 1.0. 

NOTATION 

x and y are ,  r espec t ive ly ,  the coordinates  a longand 
no rma l  to the s t r e a m  axis;  u and v a re  the veloci ty  
components  along the x-  and y-axes ,  respec t ive ly ;  p 
is the gas densi ty;  ~ is the dynamic v i scos i ty  coeffi- 
cient;  p is the p r e s s u r e ;  h is the enthalpy; k is the 
ra t io  of specific heats at constant  p r e s s u r e  and con-  
s tant  volume; C i and m i a re ,  respec t ive ly ,  the con-  
cen t ra t ion  by weight, and the molecu la r  weight of the 
i - th  component;  M1 is the Mach number ;  and Pr  = 

= ~Cp/X, and Sc = p/pD i are ,  respect ively ,  the Prandt l  
and the Schmidt numbers .  
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